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Abstract
Let {a(f )}∞=−∞ be the Fourier coefficients of f ∈ L[−, ] and consider the Toeplitz
matrices {Tn(f )}, where Tn(f ) = (ai−j (f ))ni,j=1; thus, {Tn(f )} is generated by the symbol
f . There are many results on asymptotic properties of {Tn(f )} as n→∞. If r is a positive
integer and T (r)n (f ) = (ar(i−j))ni,j=1, then {T (r)n (f )} = {Tn(fr )} where fr is easily obtained
from f . Hence, known results on the asymptotic behavior of Toeplitz matrices generated by a
symbol can be applied to {T (r)n (f )}. Although this is elementary, to our knowledge it has not
been previously exploited. We extend this idea to multilevel Toeplitz matrices.
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1. Introduction
For n  1, let Tn(f ) = (ai−j (f ))ni,j=1, where f ∈ L[−, ] and {a(f )}∞=−∞
are the Fourier coefficients of f ; i.e.,
a(f ) = 12
∫ 
−
f (x)e−ıˆx dx,  = 0,±1,±2, . . . (ıˆ2 = −1).
It is standard to say that {Tn(f )} is generated by the symbol f .
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There are many results of the following general type.
Proposition 1. For all f in some subset S of L[−, ], {Tn(f )} exhibits some
specific property P(f ) as n→∞.
For example, from the classical Szegö distribution theorem [3, pp. 64–65], if
S = {f ∈ L[−, ] | f is real-valued and bounded}, (1)
then the eigenvalues λ1(Tn(f ))  · · ·  λn(Tn(f )) are all in [mf ,Mf ], where mf
and Mf are the essential infimum and supremum of f , and
lim
n→∞
1
n
n∑
i=1
F [λi(Tn(f ))] = 12
∫ 
−
F(f (x)) dx if F ∈ C[mf ,Mf ].
Now let r be a fixed positive integer, and define
T (r)n (f ) =
(
ar(i−j)(f )
)n
i,j=1.
This note is motivated by an observation that appears to have been ignored; namely,
from an elementary property of Fourier series (discussed below),
T (r)n (f ) = Tn(fr),
where
fr(x) = 1
r
r−1∑
s=0
f
(
x + 2s
r
)
(2)
with f extended to R so as to be 2-periodic. Therefore, since fr ∈ S (see (1))
if f ∈ S, Szegö’s theorem implies that λ1(T (r)n (f ))  · · ·  λn(T (r)n (f )) are all in
[m(r)f ,M(r)f ], where m(r)f and M(r)f are the essential infimum and supremum of fr ,
and
lim
n→∞
1
n
n∑
i=1
F
[
λi(T
(r)
n (f ))
] = 1
2
∫ 
−
F(fr(x)) dx if F ∈ C
[
m
(r)
f ,M
(r)
f
]
.
This illustrates the following general principle.
Proposition 2. If Proposition 1 holds and S is closed under the operation f → fr
indicated in (2), then {T (r)n (f )} exhibits the property P(fr) as n→∞.
Recently there have been many generalizations of Szegö’s theorem and the Av-
ram–Parter theorem [1,4] on the distribution of the singular values of non-Hermitian
Toeplitz matrices (see, e.g., [2,5,7,8] and their references). Since these results have
been extended to multilevel Toeplitz matrices [5,7,8], it seems worthwhile to for-
mulate Proposition 2 in this context. However, the principle under discussion is not
confined to spectral distribution theorems.
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2. Multilevel Toeplitz matrices
Multilevel Toeplitz matrices were introduced by Voevodin and Tyrtyshnikov in
the Russian publication [9], and in the English mathematical literature by Tyrtyshni-
kov [6,7]. Our notation is borrowed from [5,7].
Let Qp denote the p-fold Cartesian product of [−, ]. If f ∈ L(Qp), the Fourier
coefficients of f are given by
aj1,...,jp (f ) =
1
(2)p
∫
Qp
f (x) exp
(−ıˆ(j1x1 + · · · + jpxp)) dx,
−∞ < j <∞, 1    p, where dx = dx1 · · · dxp. To include the most general
direction of current research (see, e.g., [2,5]), f may be matrix-valued; thus, f :
Qp → Ch×k .
Following Tyrtyshnikov [7], we regard the p-tuple (n1, . . . , np) of positive inte-
gers as a multiindex, which we denote by n¯; thus, we write n¯ = (n1, . . . , np) and
define n = n1 · · · np. We write n¯→∞ to indicate that min(n1, . . . , np)→∞. Us-
ing Tilli’s formulation [5], we define the hn× kn p-level Toeplitz matrix
Tn¯(f ) =
n1−1∑
j1=−n1+1
· · ·
np−1∑
jp=−np+1
J
(j1)
n1 ⊗ · · · ⊗ J (jp)np ⊗ aj1,...,jp (f ),
where ⊗ denotes the Kronecker product and J ()m , −m+ 1    m− 1, is the m×
m matrix whose (i, j)th entry is 1 if i − j =  and 0 otherwise; thus, {J−m+1, . . . ,
Jm−1} is the natural basis for the space of m×m Toeplitz matrices. Note that Tn¯(f )
is Hermitian if f is real-valued or Hermitian matrix-valued.
Let
r¯ = (r1, . . . , rp) and r = r1 · · · rn,
where r1, . . . , rp are fixed positive integers. Define
T
(r¯)
n¯ (f ) =
n1−1∑
j1=−n1+1
· · ·
np−1∑
jp=−np+1
J
(j1)
n1 ⊗ · · · ⊗ J (jp)np ⊗ ar1j1,...,rpjp (f )
and
fr¯ (x) = 1
r
r1−1∑
s1=0
· · ·
rp−1∑
sp=0
f
(
x1 + 2s1
r1
, . . . ,
xp + 2sp
rp
)
, (3)
with f extended to Rp so as to be 2-periodic with respect to each variable x1, . . . ,
xp.
Now replace Proposition 1 by the following proposition.
Proposition 3. For all f in some subset S of L(Qp)→ Ch×k, {Tn¯(f )} exhibits
some specific property P(f ) as n¯→∞.
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Again, we can infer the following proposition from this.
Proposition 4. If Proposition 3 holds and S is closed under the operation f → f (r¯)
indicated in (3), then {T (r¯)n¯ (f )} exhibits the property P(fr¯ ) as n¯→∞.
To justify Proposition 4, we need only show that
T
(r¯)
n¯ (f ) = Tn¯(fr¯ ),
or, equivalently, that
ar1j1,...,rpjp (f ) = aj1,...,jp (fr¯ ), −∞ < j <∞, 1    p. (4)
Then Proposition 3 with f replaced by fr¯ implies Proposition 4.
Although (4) is routine, we include a proof for completeness. Consider
gr¯ (x) = 1
r
r1−1∑
s1=1
· · ·
rp−1∑
sp=0
gs1,...,sp (x), (5)
where
gs1,...,sp (x) = f
(
x1 + 2s1
r1
, . . . , xp + 2sp
rp
)
. (6)
Then
aj1,...,jp (gs1,...,sp ) = aj1,...,jp (f )
p∏
=1
exp
(
−2sjıˆ
r
)
.
Therefore,
aj1,...,jp (gr¯ ) =
aj1,...,jp (f )
r
r1−1∑
s1=0
· · ·
rp−1∑
sp=0
p∏
=1
exp
(
−2sjıˆ
rs
)
=
{
0 if j  0 mod r for some  ∈ {1, . . . , p},
ar1i1,...,rpip (f ) if j = ri, 1    p,
since
k−1∑
s=0
exp
(
−2sjıˆ
k
)
=
{
0 if j  0 mod k,
k if j ∼= 0 mod k.
Hence,
gr¯ (x1, . . . , xp) ∼
∞∑
j1=−∞
· · ·
∞∑
jp=−∞
ar1j1,...,rpjpe
ıˆ(r1j1x1+···+rpjpxp),
i.e., the right side is the Fourier series of the function on the left. Therefore,
g
(
x1
r1
, . . . ,
xp
rp
)
∼
∞∑
j1=−∞
· · ·
∞∑
jp=−∞
ar1j1,...,rpjpe
ıˆ(j1x1+···+jpxp). (7)
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Since (3), (5), and (6) imply that
gr¯
(
x1
r1
, . . . ,
xp
rp
)
= fr¯ (x),
(7) implies (4).
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